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2.•@ FINITE ELEMENT ANALYSIS

2.1•@ Equations of Motion
The axisymmetric piezoelectric vibrator to be analyzed is shown in Fig.1 . The finite element analysis4,5) developed by Kagawa and Yamabuchi is applied in this study. However, there are some differences between both treatments in the expression of the finite element formulation. First of all, we make clear our treatment. As shown in Fig.1 , the element in consideration is a triangular ring element with three nodes. Each node has two components of displacement and one component of electric potential which is taken into account in order to express the arbitrary distribution of the electric field. The displacements in r and z direction together with the electric potential within an element are denoted by u(r, z), v (r, z) and cb(r, z), respectively, which are expressed as
A list of nomenclature is given in the Appendix I. 
The fundamental stress-strain relations, when the electromechanical conversion is included, are given as e type expression as (6)
Using Eqs. (4), (5), (6) and (7), the strain energy Ue, the electrostatic energy He and the kinetic energy
Te associated with a triangular piezoelectric element are expressed as follows (8) mode for L/d>2.0by the finite element analysis agrees well with that of one-dimensional solution. However, the latter is invalid for L/d<2.0because of loosing the validity of one-dimensional assumption. The figure also shows that the influence of flexural mode for fixed-free condition vanishes because of the settled boundary conditions, and the valid range of one-dimensional solution is somewhat extended.
In addition, we examine normalized frequency spectra of the vibrator in short-circuit, although they are not shown in a graphic form. The first natural frequency of open-circuited vibrator has about10% higher value in comparison with that of shortcircuited one. This phenomenon means that the capacitance of the short-circuited piezoelectric vibrator decreases and consequently the stiffness grown by electro-mechanical coupling effect also decreases. (2) Example of mode shapes, electric potential distributions and principal stress distributions Although the definite difference in mode shapes for partially plated disks (or rods) cannot be observed as shown in Fig.6a) , electric potential and principal stress distributions are affected significantly by variations of partially plated area. Particularly the strong stress concentration appears around the boundary between plated part and non-plated one ( Fig.6  c) ), and the gradient of electric potential becomes steep at that part (Fig.6b) Some spurious modes are observed on fundamental modes in Fig.9 . The partially plated piezoelectric thin disk poled in the thickness direction is considered.
The piezo- 
The resonant frequency fR is given as 
